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Summary
▪ We present here in a very elementary way some basic notions and formalism of QM in the
framework of statistical mechanics, and then related with the purely statistical nature of the
Schrödinger wave function and of its coherence/decoherence, which has not to be confused
with the dynamical wave functions of oscillating and interacting physical fields, despite the
fundamental formal tool of Fourier Transform applies well to both cases, often generating
confusion between the statistical and the dynamic case.
▪ We therefore emphasize that such a formalism can study only isolated quantum systems, and
then in which sense it cannot deal in principle with system phase transitions, and finally with
non-equilibrium phenomena, if not in the very limited case of the near-to-equilibrium states.
▪ We show that such an approach is congruent with an observer-related informational
approach (“information for whom?”) to QM, and then with the Shannon measure of
information, and finally with the notion of Quantum Universal Turing Machine.
▪ Refs.: 3. (ch. 2) 6. 19.
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Ontology

Formal Ontologies Scheme
Nominalism
Conceptualism
Logical
Realism

Atomistic
Natural
Relational
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Some principles of
quantum physics and of
quantum cosmology
The Standard Model within an evolutionary model of the universe

A mathematical premise: the duality principle
▪ “Duality in mathematics is not a theorem, but a “principle”. It has a simple
origin, it is very powerful and useful, and has a long history going back hundreds
of years. Over time it has been adapted and modified and so we can still use it in
novel situations. It appears in many subjects in mathematics (geometry, algebra,
analysis) and in physics. Fundamentally, duality gives two different points of view
of looking at the same object. There are many things that have two different
points of view and in principle they are all dualities” (M. Atiyah, 2007).
▪ Mathematically/logically duality is the inversion of source/target
(domain/codomain) of a one-to-one relation (morphism, arrow), i.e.,
(AB)  (BA) or (AB)  (AB) and/or the inversion of the order of
composition between arrows: f  g  g  f.

www.irafs.org - basti@pul.va

Innopolis 2019

6

Duality everywhere
▪ Function involution: 𝒇 𝒙 ; 𝒇

𝟏

𝒙

▪ Divisor/multiple on integer numbers
▪ Subset/superset / in set theory
▪ Ascendant/descendant in tree graphics ↑/↓
▪ De Morgan laws in logic: (pq)  (p)  (q); (pq)  (p)  (q)  Meet/Join ∧/∨ in a Boolean lattice
▪ Universal/existential quantifiers in predicate logic ∀𝑥

∃𝑥

𝑥 𝑎𝑛𝑑 𝑣𝑖𝑐𝑒 𝑣𝑒𝑟𝑠𝑎

▪ Fourier transform 𝒇 (x) of a function 𝑓 𝑥 :
▪ The energy balance system ⇄ thermal bath in thermodynamics
▪ The chemical structure of the double helix of DNA in biology
▪ …
www.irafs.org - basti@pul.va
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QM background I: Quantization principle
1.

Principle of quantization (1900): In that year, more exactly on December the 14th, speaking at a
meeting of the German Society of Physics, Max Planck (1858-1947) claimed that it was possible to free
ourselves from the paradoxes of the classical theory of the emission-absorption of light by matter, if one
accepted that radiant energy could exist only under the form of discrete packets that he defined as quanta
of light, the future photons.
▪ This idea confirmed by Albert Einstein (1879-1955) discovery of the photo-electric effect (1905) for which he was
awarded by Nobel Prize in 1921. Such an effect consists in the emission of electrons by metallic surfaces that are
bombarded with violet and ultraviolet light. The effect in question could be explained only by admitting the quantum
nature of electromagnetic radiation, that is, the existence of photons or elementary quanta of electromagnetic energy.
Existence of photons as direct consequence of the finite velocity of electromagnetic light propagation  no all
frequencies allowed for the electromagnetic wawe  existence of wave packets (photons)  special relativity
theory (1905).

▪ Principle of quantization. Every physical magnitude, in particular every dynamical magnitude or
intensity of an energy E, is an integer multiple n of h, according to the relation: E = n × n , where n
is a wave frequency
▪ Planck h: new constant of nature, effectively the most measured one in nature. All the fundamental
magnitudes of matter at the microscopical level are multiples of Planck’s h:
h = 6.626176 × 10–34 J/sec (quantum of action, energy/time)
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QM background II: Bohr’s atom
▪ Bohr’s semi-classical atom: The picture of confirmations of
Planck’s discoveries was completed when, in 1913, the Danish
physicist Niels Bohr (1885-1962) applied this quantum hypothesis
to the model of the atom endowed with an internal structure,
discovered by the New Zealand physicist Ernest Rutherford (18711937) for explaining why in the Rutheford’s atom electrons
“orbiting” around the nucleus – being endowed with opposite
charges – do not collapse over the nucleus with orbits ever
narrower like it should be in classical mechanics. This paradox can
be solved by adding the quantization principle: not all the orbits
are allowed but only those with an energy that is an integer
multiple of h.
▪ For the same reason an electron, when “bombed” by an energy input with
an intensity that is an integer multiple of h will “jump” to the next
allowed orbital (= energy level) without “passing through”, the
intermediate ones.
▪  Explanation of the periodic distribution of element atoms in the
periodic table of elements defined by Dmitrij Mendelejev (1834-1907).
▪  Explanation of the discrete emission of light spectra, different for
each chemical element ,and depending on the discrete distributions of
the electron «orbitals» (effectively: levels of energy) around the
nucleus.
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QM background III: uncertainty principle and De
Broglie’s wave mechanics
▪ Werner Heisenberg’s (1901-1976) uncertainty principle: From the quantization principle the
uncertainty principle follows immediately, ending another myth of classical mechanics: the
possibility of an endless increasing in measurement precision (see the «Laplace demon»
supposition).
▪ Uncertainty principle. The product of the uncertainties by which a magnitude and its
conjugate are known in QM (e.g., position and) will never be inferior to h: Δp Δq ≥ h.
▪ Louis Victor Duke of De Broglie (1892-1975) idea of “wave mechanics (wave-particle
duality)”: Bohr’s disturbing idea of “jumping” between discrete orbitals can be avoided by a
suitable change of representation. Instead of representing the evolution in time of the states of
a quantum system by an impossible one-dimensional trajectory in the state space of the
system, supposing the perfect localizability of the particle in a point of the space, if by the
uncertainty principle, this localization corresponds to a finite volume (“box”), with a side that is
an integer multiple of h, within which the particle can be localized everywhere with the same
probability, the representation of the evolution in time of such a volume will corresponds to a
propagation of a 3D probability-wave with a given amplitude depending on the “box” side.
www.irafs.org - basti@pul.va
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The double slit experiment and the evidence of the
statistical waveform behavior of any particle in QM
Quantum Diffraction and particle-wave
duality in QM

Quantum destructive/constructive
interferences (resonances)

Think at the guitar chord playing an A tone with
a fork (out of phase: left) and with a diapason (in
phase: right)
www.irafs.org - basti@pul.va
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QM background IV: the Schrödinger (WM) equation
and the quantum superposition principle
▪ Erwin Schrödinger (1887-1961) formulated in 1926 a new and elegant mathematical theory of
the hydrogen atom in terms of De Broglie’s wave mechanics (WM). For this, he received the
Nobel Prize in 1933.
▪ According to Schrödinger’s equation , the different levels of energy into which a single electron of the
hydrogen atom «jumps» when it is «excited» by the injection in the form of discrete energy from the
outside, are calculated with incredible precision as «vibrations» of a quantum harmonic oscillator,
according to the «stationary waves» model. This model describes the vibrations of an elastic string that
is fixed at both extremes, as the strings of a violin or of a guitar, when it is played. By striking it, with an
intensity that is two, three, or four times that of the original one, the string will vibrate proportionally with a
frequency that is two, three, or four times the original.
▪ So,  is a linear equation: with input-output proportionality. The stationary solutions of  or energy
eigenstates correspond exactly to the different energy levels (Bohr’s former orbitals) of the electron
“around” the proton (nucleus) of the hydrogen atom.
▪ Finally, as the double-slit experiment makes evident, in QM like in classical mechanics a waveform
behaviour can be the superposition of several waveforms. On the other hand, because Schroedinger
wave function is linear, linear combination of solutions will also be a solution.

www.irafs.org - basti@pul.va

Innopolis 2019

12

An example of stationary wave as inversely
proportional to integer multiples of h excitations
(1,2,3,4,…) showing the linear nature of a wave function
The stationary wave function

www.irafs.org - basti@pul.va
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An intuitive 2D-representation of the relationship
between a classical and a quantum harmonic
oscillator as «toy-model» of a QM wave function
▪ A harmonic oscillator in classical mechanics (A-B
panels), and quantum mechanics (C-H). In (A-B), a ball,
attached to a spring (gray line), oscillates back and forth,
along a trajectory in the phase space. In (C-H),
wavefunction solutions to the Schrödinger Equation are
shown for the same potential. The horizontal axis is
position, the vertical axis is the real part (blue) or imaginary
part (red) of the wavefunction associated to energy.
(C,D,E,F) are stationary states (energy eigenstates) or
«pure states», which come from solutions to the TimeIndependent Schrodinger Equation. (G-H) are nonstationary states, solutions to the Time-Dependent
Schrödinger Equation. (G) is a randomly-generated
superposition of the four states (E-F), i.e., a “mixed
state”. (H) is a coherent state ("Glauber state") which
somewhat resembles the classical state (B).
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The Pauli exclusion principle
▪ In each quantum state occupying the same position, x,y,z defined by the Schroedinger equation
like as many quantum numbers because multiples of h we can have:
1.

At last 2 fermions (quarks, electrons, neutrinos) that are therefore distinguished by a fourth
quantum number, the spin quantum number (corresponding to an intrinsic angular
𝟏
corresponding
momentum) that is always fractionary. In the case of the electrons it will be
𝟐
respectively to spin up/down i.e., to a clockwise/anticlockwise rotation.

2.

An indefinite number of bosons (photons, gluons, 𝑊 , 𝑍 , i.e., quanta of the three quantum
interaction forces of the Standard Model (see below) characterized by an integer spin
quantum number.

▪ The distinction between fermions (i.e., obeying to the Fermi-Dirac statistics) and bosons (i.e., to
the Bose-Einstein statistics) is purely statistical however. Fermions indeed at the ground state
(minimum energy) can occupy different energy levels like the electrons around the nucleus in
atoms. Bosons, on the contrary, at the ground state stay in one only minimum energy state (like a
classical particle).
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QM background: the Schrödinger equation
▪ More exactly, the wave function ψ(x, y, z) that appears in the Schrödinger equation is a function of the spatial
coordinates of the particle. If it is possible to find the solution to that equation for a given system (for example: an
electron in an atom), then the solution, which depends on the boundary conditions (for example, the energy
introduced into the system), is a set of the allowed wave-functions (eigen-functions) of the particle, each of them
will correspond to an allowed energetic level (eigen-value).
▪ That is, in every point, the square of the wave function is proportional to the probability that the particle will
be found in an infinitesimal element of volume, dx dy dz, centered on that point. The electron in an atom has
only a certain probability of occupying a given position of space. Such probability is given by the solution of
Schrödinger’s equation, so to obtain the wave function ψ: indeed the probability of finding the electron in a given
position is proportional to |ψ|2.
▪  An atomic orbital instead of being an orbit, a trajectory in the classical sense, corresponds to a distribution of
probabilities of a spatiotemporal localization around the nucleus or, which is the same, to a distribution of
electric charges, in average as to time.
▪  Problem: how to perform calculations in QM? The non-commutative character of the canonic variables in QM
apparently does not allow to use the powerful device of the mathematical (functional) analysis of classical
mechanics, i.e., the Hamiltonian theory of dynamic systems, despite the linearity of . Indeed, more generally, its
geometrical background suppose the necessity of commutative algebras/spaces, as David Hilbert demonstrated
by his former axiomatization of Euclidean geometry. Hilbert himself, however, suggested someway the genial
solution, developed effectively by J. Von Neumann with the notion of the Hilbert space representation of a
quantum system and of its dynamics in QM.
www.irafs.org - basti@pul.va
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The canonical commutation relations (CCRs) in
classical mechanics
▪ In classical mechanics, the Hamiltonian theory of dynamic systems, a system is defined in
terms of a set of canonical coordinates r = (q, p), where each component of the coordinate
qi , pi is indexed as to a given frame of reference. The time evolution of the system is
defined by Hamilton’s equations:

dp


dt
q

,

dq


dt
p

Where ℋ ℋ 𝒒, 𝒑, 𝑡 is the Hamiltonian that generally corresponds to the total energy of
the system = in a closed system, the sum of the kinetic and potential energy of the system.
By using the binary operation of the so-called Poisson brackets it is possible to give an
algebraic, matricial representation of a Hamiltonian system, where the system dynamics is
represented on the phase space in terms of canonical transformations mapping canonical
coordinate systems into canonical coordinate systems. This is at the basis of Heisenberg
matrix representation also of QM (1925).
www.irafs.org - basti@pul.va
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The canonical commutation relations (CCRs) in
QM
▪ The core-point of this representation: it is well-known that the main difference between classical
mechanics and QM is that the canonical variables of a classic mechanical system, i.e., the
position x and the momentum p, do not commute in QM, because are dependent on each other,
according to the uncertainty principle:

xp  

2

▪ I.e., in QM the canonical variables are conjugate and not independent like in classical mechanics.
This implies that in QM the commutability of the relationship can be recovered only as a function of
the uncertainty quantum relation by the action of an “operator”, a commutator. In other terms, in
QM the Canonical Commutation Relation (CCR) is the fundamental relation between canonical
conjugate quantities, which are related in such a way that each of them commute with the Fourier
transform of the other according, according to the following (Max Born, 1925):

 xˆ, pˆ x   i
▪ Where px is the momentum operator in the x direction in one dimension, x is the position operator,
and [x,px] = xpx – pxx is the commutator of x and px, and i is the imaginary unit.
www.irafs.org - basti@pul.va
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Von Neumann’s formal unification between WM
and MM by the notion of Hilbert space
▪ Therefore during 30’s of the last century there were two different theories of
QM – Schroedinger’s wave mechanics WM and Heisenberg matrix
mechanics MM – both able to model the atomic spectra of the hydrogen
atom, but apparently incompatible.
▪ Von Neumann clarified this issue when he demonstrated, by using the
momentous Riesz-Fisher Theorem (RFT) in functional analysis, “that the
Heisenberg and Schroedinger formalism are operator calculi on isomorphic
(isometric) realizations of the same Hilbert space, and hence equivalent
formulations of the same conceptual substratum” (Casado 2008, 155).

▪ I.e., the continuous space L2 of WM and the space of sequences
ℓ of values of MM are in one-to-one correspondence that is
invertible so that this correspondence is linear and isometric.
www.irafs.org - basti@pul.va
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The Hilbert space
▪ The Hilbert space is a vector space generalizing the notion of Euclidean space,
extending the vector calculus from the two dimensional Euclidean plane and threedimensional spaces, to spaces of any finite or even infinite dimensions.
▪ Formally, a Hilbert space ℍ
𝐻, ·,· is a real or complex vector space H possessing
the structure of an inner product ·,· so to be also a complete metric space as to the
distance function induced by the inner product. We cannot enter here into the details of
this formalism that you can find easily in any QM textbook.
▪  Any metric vector space that is metric complete is a Hilbert space.
▪ If we see at the CCRs related to the Fourier transform for which each of the canonical
variables in QM commute with the Fourier transform of the other by an operator, we can
guess that the inner structure of a Hilbert space is nothing but that the space of the
operators acting on the Hilbert space itself.
▪ What is relevant is that this operator space constitutes another Hilbert vector space V*
that is dual as to the precedent V, so that we speak of vectors on V and co-vectors on
V*.
www.irafs.org - basti@pul.va
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Inner product the bra-ket notation in QM and
quantum superposition in WM
▪ In QM, we therefore write the vector product 𝑥, 𝑦 as 𝑦 𝑥 , that is, using Dirac’s bra ⟨𝝓| - ket
|𝝍⟩ notation for signifying the product of vectors/co-vectors of eigenvalues of the wave functions
𝜙 and 𝜓.
▪ In this case, the kets and the columns are identified with the vectors of V, and the bras and the
rows with the linear functionals (co-vectors) in the dual vector space V*, with conjugacy
associated with duality.
▪  All finite-dimensional inner product spaces over ℝ and ℂ such as those used in the computations
of QM are automatically metrically complete and then are Hilbert spaces.
▪ Finally, the other property related to Schroedinger WM is the superposition principle for which
the same quantum state (non-observable) can be the superposition of several quantum particles.
In this case we speak of mixed quantum states (corresponding to vectors of the Hilbert space),
while, where this superposition does not occur, we speak of pure quantum states (corresponding
to rays of the Hilbert space). This confirms that the only observables in QM are the Hilbert space
operators.
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Quantum superposition and quantum
computing (QC) in QM
▪ The quantum superposition is a fundamental
property of quantum computation and
quantum information theory.
▪ In fact, while in classical TM computing the
TM state can be only 1 or 0 the superposition
allows a Quantum Turing Machine (QTM) of
being in a superposition of |1⟩ and |0⟩ states,
that is, it can assume any value between 1
and 0 (see Bloch sphere).
▪ This means that a QC can calculate an
equation computing simultaneously all its
values like an analogue computer.
▪ Anyway QC based on QM suffers the problem
of decoherence of Schroedinger wave
function  necessity of working at
temperatures
273°C.
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The QM Standard Model (SM) picture and the
cosmological “pizza”
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Unsolved problems of SM: it explains <5% of matter

Course WI-FI-BASTIONTO-ER: A Dual Ontology of Nature, Life and Person - http:/www.irafs.org

A. Y. 2017/18

24

